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Abstract. In the present work, we have adopted a kinematic approach for constraining the extended
null diagnostic of concordance cosmology, known as the statefinder hierarchy. A Taylor series ex-
pansion of the Hubble parameter has been utilised for the reconstruction. The coefficients of the
Taylor series expansion are related to the kinematical parameters like the deceleration parameter,
cosmological jerk parameter etc. The present values of the kinematical parameters are constrained
from the estimated values of those series coefficients. A Markov chain Monte Carlo analysis has
been carried out using the observational measurements of Hubble parameter at different redshifts,
the distance modulus data of type Ia supernovae and baryon acoustic oscillation data to estimate the
coefficient of series expansion of the Hubble parameter. The parameters in the statefinder diagnostic
are related to the kinematical parameters. The statefinder diagnostic can form sets of hierarchy ac-
cording to the order of the kinematical parameters. The present values of statefinder parameters have
been constrained. The first set in the statefinder hierarchy allows ΛCDM to be well within the 1-σ
confidence region, whereas the second set is in disagreement with the corresponding ΛCDM values
at more than 1-σ level. Another dark energy diagnostic, namely the Om-parameters, is found to be
consistent with concordance cosmology.
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1 Introduction
Observations suggest that at present the universe is undergoing a phase of accelerated expansion
which started in recent past [1–3]. There are two distinct theoretical prescriptions in the literature
to explain the cosmic acceleration. The way to explain cosmic acceleration within the region of
General Relativity (GR) is to assume the existence of an exotic component in the energy budget of
the universe. The other way to look for a possible explanation of this accelerated expansion is to
find out a theory of gravity beyond GR. The exotic component introduced in the energy budget of
the universe to explain the phenomenon of cosmic acceleration is called dark energy. Due to a lack
of fundamental understanding about a feasible candidate of dark energy, various phenomenological
prescriptions are proposed and tested with the help of different cosmological observations.
The simplest description of dark energy is the cosmological constant where the constant vacuum
energy density is assumed to drive the accelerated expansion. The ΛCDM (cosmological constant (Λ)
along with cold dark matter (CDM)) is the simplest prescribed model of late-time cosmology. Al-
though it suffers from the problem of fine-tuning (the discrepancy between the observationally esti-
mated value of Λ and the value calculated from the quantum field theory) and the cosmic coincidence
problem, the model is physically well motivated and it is in good agreement with most of the cosmo-
logical observations till date. Different aspects of the cosmological constant model of dark energy
have been exhaustively discussed in [4, 5]. However, it can not be concluded whether dark energy
is a constant or evolving with time. Observations are also well fitted with different time-evolving
dark energy models. Another intriguing fact is that the present observation is not enough to confirm
whether the dark matter is truly cold or it also has some thermal energy. Hence the search for viable
alternatives of ΛCDM model is highly relevant in the context of dark energy research. Plenty of
alternative prescriptions about dark energy are there in the literature, though none of them has been
declared to be the perfect one.
Reconstruction of the cosmological model is a reverse engineering technique to figure out a
consistent model directly from observational data based on some phenomenological assumptions.
Comprehensive reviews on different aspects of reconstruction of dark energy models are there in [6–
9]. There are two different approaches to the reconstruction; the first one is a parametric approach,
and the other one is a non-parametric approach. The parametric approach to the reconstruction is
based on some assumed parametric form of a cosmological quantity. The parametrisation can be
based on a specific dark energy model or it can be model independent. Some recent attempts to
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constrain cosmological parameters for specific dark energy scenario are referred in [10–13]. Non-
parametric approaches to the reconstruction have also been emphasised in this context to avoid the
possibility of bias in the result. Various statistical prescriptions are there in the literature to reconstruct
the cosmological dynamics in non-parametric ways. For instance, principle component analysis has
been adopted by Crittenden et al [14], Clarkson and Zunckel [15], Ishida and Souza [16], Amendola
et al [17], Qin et al [18], Gaussian process has been adopted for reconstructing the dark energy equa-
tion of state parameter by Holsclaw al.[19], Seikel, Clarkson and Smith [20], Nair,Jhingan and Jain
[21]. Recently Shafieloo, Kim and Linder have adopted the Gaussian process technique to constrain
the cosmographical parameters in a model-independent way [22]. However, this non-parametric ap-
proach to the reconstruction suffers from the lack of sufficient and suitable data sets. The uncertainty
associated with the reconstructed quantities increases as one goes towards reconstructing higher order
derivative of the scale factor. The reconstructed evolutions of the Hubble parameter and the decel-
eration parameter are highly degenerate for different dark energy models. One prime endeavour of
the present work is to constrain the higher-order kinematic terms and to invade the degeneracy in
different dark energy models.
A kinematic approach towards reconstruction is independent of any prior assumption about
the theory of gravity or the nature of dark energy. The only assumptions are the homogeneity and
isotropy of the universe at the cosmological scale. A kinematical parameter contains only the scale
factor and its time derivatives. Reconstruction of kinematical quantities can either be parametric or
non-parametric. A popular kinematic approach to constrain the cosmological evolution is Cosmog-
raphy [23–32]. The idea is to express the luminosity distance in terms of the kinematical quantities
which are constructed from the scale factor and its time-derivatives. Dunajski and Gibbons [33]
have discussed the constraints on kinematical quantities like the deceleration parameter, cosmologi-
cal jerk parameter, snap parameters and so forth for different dark energy scenarios. Parametrisation
of kinematical quantities are discussed by Rapetti et al. [34], Zhai et al.[35], Mukherjee and Baner-
jee [36, 37]. Non-parametric reconstruction of kinematical quantity has been discussed by Shafieloo,
Kim and Linder [22]. Recently Balcerzak and Dabrowski have discussed the statefinder luminosity
distance relation in varying speed of light cosmology [38].
The present work is based on a purely kinematic approach to estimate the kinematical param-
eters as well as the set of null diagnostics of dark energy. The starting point is a Taylor series ex-
pansion of the Hubble parameter prescribed by Aviles, Klapp and Luongo [39]. In [39], the authors
have looked for an unbiased way to estimate the cosmographical parameters. They have termed this
method as Eis because the coefficients of the Taylor expansion of the Hubble parameter are writ-
ten as Ei-s. The analysis has been carried out with the simulated supernova catalogues to compare
the bias parameter in Eis method and in cosmography. The Union 2.1 compilation and the Joint
Lightcurve Analysis (JLA) data were introduced to estimate cosmographical parameters. The present
analysis has been generalised by introducing the observational measurements of the Hubble parame-
ter at different redshifts and baryon acoustic oscillation (BAO) data along with the distance modulus
data-set of Joint Lightcurve Analysis (JLA). The prime focus of the present work is not only to con-
strain the cosmographical parameters in a model-independent way but also to estimate the values
of different dark energy diagnostics, namely the hierarchy of the statefinder diagnostic [40] and the
Om-diagnostic [41, 42].
The dark energy diagnostics are prescribed to compare any dark energy model with concordance
cosmology, namely the ΛCDM. The idea is to check whether a model, which is in good agreement
with observations, always mimic the ΛCDM or behave in different ways at the higher order geometric
terms. The evolution of the Hubble parameter and the deceleration parameter are well constrained
from present observations. All the viable dark energy models are highly degenerate up to the second
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order time derivative term of the scale factor, namely the deceleration parameter. This degeneracy
among different dark energy models can be broken by introducing the higher order kinematical terms.
However, the higher order kinematical terms are not well constrained by present observations. In the
present work, the jerk parameter and the snap parameter, which are the dimensionless representation
of the third and the fourth order time derivative of the scale factor respectively, have been emphasised
and their present values are obtained based on the Taylor series expansion of the Hubble parameter,
namely the Eis method [39]. Recently a similar approach has been adopted by Capozziello et al.
[43] to constrain the nature and evolution of dark energy in a model independent way. A model-
independent assessment of late-time cosmology using Gaussian Process has been discussed recently
by Haridasu et al. [44].
For a direct comparison with ΛCDM, we estimated the present value of the dark energy diag-
nostics, namely the statefinder and the Om. The statefinder diagnostic, introduced by Alam et al [40]
is a null diagnostics of ΛCDM cosmology as the ΛCDM model corresponds to the (1,0) point on the
2D parameter space of the statefinders. In [40], the authors have prescribed the statefinder up to third
order terms that incorporates the jerk parameter. Further generalization of the statefinder has been
discussed by Arabsalmani and Sahni [45] where the authors have introduced a hierarchy of the set of
statefinders. In the present work, we attempted to constrain the set of statefinder hierarchy up to the
fourth order terms which include the snap parameter. It is important to note that the constraints on
the set of the statefinder hierarchy obtained in the present analysis are from the kinematic approach,
based on the series expansion of the Hubble parameter. Thus the estimation of the parameter values
in the present analysis is not done in a non-parametric manner. However, it is independent of any
assumption about the dark energy model.
In the next section (section 2), the kinematic approach, adopted in the present analysis, has
been discussed. In section 3, the observational data and the methodology have been briefly stated
as well as the constraints on the coefficients of the Taylor expansion of the Hubble parameter are
presented. Constraints on the kinematical parameters like the deceleration parameter, jerk and snap
parameter, obtained in the present analysis, are reported in section 4. In section 5, the constraints on
the statefinder hierarchy and the Om diagnostics are presented. Finally, it has been concluded with
an overall discussion about the results in section 6.
2 Kinematic approach to the reconstruction
The mathematical formulation of cosmology begins with the assumption of homogeneity and isotropy
of the universe at the cosmological scale for which the metric is written as,
ds2 =−dt2+a2(t)
[
dr2
1− kr2 + r
2dθ 2+ r2sin2θdφ 2
]
, (2.1)
where we have assumed the speed of light in vacuum, c to be unity. The coefficient of the spatial
part of the metric a(t), which corresponds to the time evolution of the spatial separation between
two points, is called the scale factor and k is the curvature parameter. This metric is the Friedmann-
Lemaitre-Robertson-Walker (FLRW) metric. Incorporating the FLRW metric in Einstein’s field equa-
tions yields the Friedmann equations as
3
a˙2+ k
a2
= 8piGρ, (2.2)
2
a¨
a
+
a˙2+ k
a2
=−8piGp. (2.3)
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The right-hand sides of these equations are obtained from the energy-momentum tensor correspond-
ing to the components of the energy budget of the universe. These ρ and p are respectively the
total energy density and the pressure of the components. In a kinematic approach, the model is re-
constructed from the quantities which are functions of the scale factor and its time derivatives, for
instance, the Hubble parameter, the deceleration parameter, the cosmological jerk parameter etc. The
advantage of a kinematic approach lies in the fact that there is hardly any prior assumption about
the nature of the components in the matter sector. This approach is also independent of any prior
assumption about the theory of gravity. In the present analysis, we have expanded the Hubble pa-
rameter (H), defined as H = a˙a , in a Taylor series. The Hubble parameter can also be presented as
a function of the redshift z = −1+ a0a , where a0 is the present value of the scale factor. For all the
numerical computations carried out in this work, we have taken a0 to be unity. The Taylor expansion
of the Hubble parameter with z as the argument can be written as,
E(z)≡ H(z)
H0
=
3
∑
i=0
1
i!
Eizi, (2.4)
where Ei ≡ d
iE(z)
dzi |z=0 and H0 is the value of the Hubble parameter at the present epoch. It is important
to note here that only up to 3rd order term has been taken into account in this expansion because
the highest power of redshift z allowed in the first Friedmann equation (equation (2.2)) is (1+ z)6,
which corresponds to the stiff matter. The constraint E(z = 0) = 1 gives E0 = 1. The estimation of
the coefficients of the Taylor expansion (E1,E2,E3) and the present value of the Hubble parameter
(H0) is important to estimate the present values of different cosmographical parameters. It is already
mentioned that this is independent of any prior assumption about the distribution in the matter sector
and the dark energy model. Hence the values of kinematical parameters and statefinders can be used
to check the viability of different dark energy models. In a recent analysis by Aviles, Klapp and
Luongo, [39], it has been shown that the series expansion method of Hubble parameter is unbiased
in the estimation of the cosmographical parameters. In the present analysis, the set of parameters
(h,E1,E2,E3,Ωk), where h=H0/(100 km sec−1Mpc−1) and the curvature contributionΩk =−k/H20 ,
are constrained. Three different observational data sets, namely the observational measurements of
Hubble parameter (OHD), the distance modulus measurements of type Ia supernovae from the Joint
Light-curve Analysis (JLA) sample and the measurements of baryon acoustic oscillation (BAO), have
been utilised for constraining the parameters.
3 Data, methodology and results
In the present analysis, only the low redshift observational data sets, namely the distance modulus
measurement of type Ia supernovae (SNe), observational measurements of Hubble parameter (OHD)
and the baryon acoustic oscillation (BAO) data have bee taken into account. These low redshift obser-
vations are independent of any fiducial assumption about the background cosmological model. Thus
these observations are suitable for any model independent estimation of cosmological parameters.
Supernovae type Ia are the first observational candidates which indicated the accelerated expan-
sion of the universe. Here, we use the measurement of the distance modulus µ(z) of supernova type
Ia, which is the difference between its apparent magnitude (mB) and its absolute magnitude (MB) in
the B-band of the observed spectrum. The distance modulus is defined as,
µ(z) = 5log10
(
dL(z)
1Mpc
)
+25 . (3.1)
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In the above expression, dL(z) is the luminosity distance of a type Ia supernova observed at redshift
z. For a FLRW universe with a generic spatial curvature density Ωk, the expression for luminosity
distance is,
dL(z) =
(1+ z)
H0
Re
[
sinh(
√
Ωkχ(z)H0)√
Ωk
]
, (3.2)
where χ(z) =
∫ z
0 dz
′/H(z′).
In the current work, we use 31 binned distance modulus data sample of the recent Joint Light-
curve Analysis (JLA) [46]. The observational measurements of the Hubble parameter (OHD) at
different redshifts in the range 0.07 < z < 2.36 by different groups, have also been used in the present
analysis to constrain the model parameters. This OHD data points, utilised in the present analysis, are
mainly measured by three different methods, Cosmic Chronometer method [47], BAO signals in the
galaxy distribution [48] and the BAO signal in Lymann-α forest distribution [49]. In the present anal-
ysis, the BAO measurements by 6dF Galaxy Survey at redshift z = 0.106 [50], the Sloan Digital Sky
Survey (SDSS) Data Release 7 (DR7) Main Galaxy Sample at redshift z = 0.15 [51], the Baryon Os-
cillation Spectroscopic Survey (BOSS) data at redshift z = 0.32 (BOSS LOWZ) and z = 0.57 (BOSS
CMASS) [52] have also been utilized. We have kept rs, the acoustic sound horizon at photon drag
epoch, as a free parameter in our analysis.
The statistical analysis has been carried out with Bayesian inference technique where the poste-
rior probability distribution function of the model parameters is proportional to the likelihood func-
tion and the prior information about the probability distribution of the parameters, i.e. posterior ∼
likelihood× prior. The likelihood function,L ({θ}) is defined as,
− lnL ({θ}) = 1
2
(µ∗−µ)TC−1µ (µ∗−µ)+
N
∑
i=1
(η∗(zi)−η(zi,{θ}))2
2σ2i
, (3.3)
where {θ} is the set of parameters, µ denotes the vector associated with distance moduli and Cµ is
the full covariance matrix associated with the binning of distance moduli measurements as given in
[46]. The other quantities η(zi) are associated with either OHD or BAO measurement at redshift zi
with σi being the corresponding error in the measurement. The total number of data-points in the
OHD + BAO data set has been denoted as N and the quantities with asterisk (∗) are the observational
measurements. In the present analysis, a uniform prior has been assumed for the parameters. The pa-
rameter estimation has been done in Markov chain Monte Carlo (MCMC) method using the PYTHON
implementation of a MCMC sampler, namely the EMCEE, introduced by Goodman and Weare [53]
and by Foreman-Mackey et al [54].
Table 1 presents the results obtained in the statistical analysis using different combinations
of the data sets. The constraint on the present value of the rescaled Hubble parameter h, where
h = H0/(100 km sec−1Mpc−1), and the coefficients of the Taylor expansion of the Hubble parameter
E1, E2 and E3 (from equation 2.4) are shown. In the present analysis, we kept the curvature parameter
Ωk as a free parameter and constrain its value. Some recent analysis, by Yu, Ratra and Wang [60],
Ryan, Doshi and Ratra [13], Park and Ratra [61], show that the contribution of spatial curvature is
not so marginal as believed earlier. From the value of χ2, it is clear that our parametric model can
describe the observational data sets quite well. Figure 1 shows the confidence contours on different
2D parameter spaces and also the marginalised posterior distribution of the individual parameters,
obtained from the combined analysis with OHD+SNe data. Figure 2 shows the same obtained in
the analysis with OHD+SNe+BAO. We took the comoving sound horizon (rs) at photon drag epoch
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Figure 1. This figure shows the confidence contours on the 2D parameter spaces and the marginalised posterior
distributions of the set of parameters (h,E1,E2,E3,Ωk), obtained in the combined analysis with OHD+SNe
data. The corresponding 1-σ , 2-σ contours are shown. In each panel, on top of the posterior probability
distributions, the median value of the parameters with associated ±1-σ errors are also quoted.
Table 1. This table shows the constraints on the present value of rescaled Hubble parameter h, Eis parameters
and the curvature contribution Ωk, obtained from the analysis with two different combinations of the data sets.
Constraint on acoustic sound horizon rs at photon drag epoch is obtained only in case of BAO data. The
value estimated is rs = 145.72(145.80+1.55−1.57). The best-fit values (outside parentheses) and the median with
associated ±1-σ uncertainties (inside parentheses) are quoted. The last column quotes the value of χ2 per
degree of freedom as a measure of the goodness of fit.
h E1 E2 E3 Ωk χ2/dof
OHD+SNe 0.70 (0.70+0.01−0.01) 0.42 (0.41
+0.11
−0.10) 0.72 (0.76
+0.40
−0.40) −0.36 (−0.40+0.42−0.42) −0.03(−0.02+0.22−0.21) 49.64/62
OHD+SNe+BAO 0.70 (0.70+0.01−0.01) 0.41 (0.42
+0.11
−0.10) 0.84 (0.77
+0.40
−0.40) −0.50 (−0.42+0.42−0.41) −0.11(−0.04+0.22−0.21) 52.53/66
as a free parameter while using the BAO data. The value of rs, obtained in the present analysis,
is consistent with the recent non-parametric estimation by Haridasu et al. [44]. We see that the
uncertainty in the values of the parameters increases as we go towards higher order coefficients of the
– 6 –
Figure 2. This figure shows the confidence contours on the 2D parameter spaces and the marginalised pos-
terior distributions of the set of parameters (h,E1,E2,E3,rs,Ωk), obtained in the combined analysis with
OHD+SNe+BAO data. The corresponding 1-σ , 2-σ contours are shown. In each panel, on top of the posterior
probability distributions, the median value of the parameters with associated ±1-σ errors are also quoted.
Taylor expansion of the Hubble parameter. The confidence contours on 2D parameter spaces show
that h has a negative correlation with E1 and E3 and a positive correlation with E2. On the other hand,
E1 has negative correlation with E2 and positive correlation with E3, and consequently E2 and E3
are negatively correlated. Figure 3 shows the data points with error bars, used in the present analysis
along with the best fit and the median curves with associated±1-σ confidence regions obtained in the
combined analysis with OHD+SNe+BAO data. The result, shown in table 1 shows that the addition
of BAO data does not change the result significantly. It is clear from the 2D contours, shown in figure
1 and 2, that the correlations of curvature parameters Ωk with the scaled Hubble constant (h) and Eis
parameters are very mild. The value of the scaled Hubble constant (h), obtained in the Eis method, is
– 7 –
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Figure 3. This figure shows the observational data sets, used in the present analysis. Red points with error-bars
denote observational measurements. The best-fit curves are shown as solid black lines. Dotted black curve with
golden yellow band shows the median with ±1-σ confidence region. Left panel shows the OHD data, middle
one is for the JLA binned data points and the right panel shows the BAO data, namely the dilation scale (Dv(z)),
scaled by acoustic sound horizon at photon drag epoch.
consistent with Planck ΛCDM estimation [62] and the Dark Energy Survey result [63] at 2-σ level.
The result is highly consistent with the recent model dependent estimation of H0 by Park and Ratra
[61] and also with the non-parametric estimation by Haridasu et al. [44].
In [39], the Eis parameters are constrained using only the supernova distance modulus data,
namely the JLA and Union 2.1 compilation. In the present analysis, we incorporated the OHD and
BAO measurements also. The results, obtained in the present analysis, are consistent with the results
of reference [39]. The parameters have better convergence in the present case as the analysis has been
carried out combining different data sets.
4 Cosmographical parameters
Kinematical quantities are defined in terms of the scale factor and its time derivatives. The physically
important kinematical quantities are the Hubble parameter (H), deceleration parameter (q), cosmo-
logical jerk parameter ( j), snap parameter (s) and so on. Except for the Hubble parameter, others are
dimensionless representations of different order time derivatives of the scale factor. The deceleration
parameter, a dimensionless measurement of the acceleration of the universe, is defined as,
q =− 1
aH2
d2a
dt2
. (4.1)
A negative value of the deceleration parameter indicates an accelerated expansion. The jerk param-
eter, the dimensionless representation of the third order time derivative of the scale factor, is defined
as
j =
1
aH3
d3a
dt3
. (4.2)
We can go further with higher order derivatives, like the snap parameter,
s =
1
aH4
d4a
dt4
, (4.3)
and so on. The values of these kinematical quantities can be easily estimated if the distribution of
different components in the matter sector is specified a priory. However, a model-independent estima-
tion of these parameters is difficult due to the lack of suitable data. The evolution of the deceleration
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Table 2. Constraints on the cosmographical parameters obtained from the values of the Eis parameters in
the present analysis. The best fit values (outside parentheses) and the median with 1σ uncertainty (inside
parentheses) are presented.
q0 j0 s0
OHD+SNe −0.58(−0.59+0.11−0.11) 1.05(1.11+0.52−0.51) 0.04(0.10+0.74−0.38)
OHD+SNe+BAO −0.59(−0.58+0.11−0.10) 1.19(1.11+0.51−0.50) 0.18(0.08+0.70−0.36)
parameter is highly degenerate for different dark energy models. The higher order kinematic terms
can potentially break this degeneracy. However, in a model-independent approach, the uncertainty
will increase significantly as we go towards higher order kinematical terms. A semi model-dependent
approach is more useful to constrain the kinematical quantities. One of the prescriptions in this direc-
tion is the cosmography [23–29], where the luminosity distance is expressed in terms of the present
values of the kinematical parameters as,
dL(z) =
c
H0
[z+
1
2
(1−q0)z2 + 16 (−1+q0 +3q
2
0− j0)z3 +
1
24
(2+5 j0−2q0 +10 j0q0−15q20−15q30 + s0)z4 + ...],(4.4)
where the subscript index ‘0’ indicates the present values of the corresponding parameters. These
parameters (q0, j0,s0, ...) are often termed as cosmographical parameters. Aviles, Klapp and Luongo
[39] have shown that the estimation of the parameters in this method suffers from the problem of bias
and this is only suitable for those observables, which are directly related to the luminosity distance,
for instance, the distance modulus measurements of type Ia supernovae. However, it is not very useful
for other observational data sets. To overcome these issues, they prescribed a Taylor series expansion
of the Hubble parameter (equation 2.4), namely the Eis method, as a better methodology to estimate
the kinematic parameters in a model independent way. The relations between the Eis parameters and
the cosmographical parameters are,
q0 =−1+E1 , (4.5)
j0 = q20+E2 , (4.6)
s0 = 3(q20+q
3
0)− j0(4q0+3)−E3 . (4.7)
In the present analysis, the values of the cosmographical parameters have been obtained from the
estimated values of the Eis parameters. Table 2 presents the results, the estimated values of the
parameters and the associated ±1-σ uncertainty. It is important to note that the uncertainties asso-
ciated with the higher order kinematical terms are larger. Figure 4 shows the confidence contours
on different 2D parameter spaces and the marginalised posterior distribution of the cosmographical
parameters. The scaled Hubble constant (h) is negatively correlated with q0 and has a positive corre-
lation with j0 and s0. On the other hand, q0 has a negative correlation with j0 and s0. Consequently,
j0 and s0 are positively correlated. The curvature contribution Ωk has very weak correlations with the
cosmographical parameters.
Figure 5 shows the evolution of different kinematical parameters, namely H(z), q(z) and j(z).
The best fit and the median with associated 3-σ confidence region, obtained in the Eis method, are
shown. The plots in figure 5 clearly reveal that H(z) and q(z) are well constrained from the present
observations, but the uncertainty increases enormously in j(z). The plots also reveal that the addition
of BAO data does not bring any significant improvement in the parameter constraints in the present
analysis.
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Figure 4. This figure shows the confidence contours on the 2D parameter spaces and the marginalised posterior
distributions of the set of parameters (h,q0, j0,s0,Ωk,rs). The constraints on the cosmographical parameters
are obtained from the values of Eis parameters estimated in the combined analysis with OHD+SNe+BAO data.
The corresponding 1-σ and 2-σ contours are shown in the plot. The median value of the parameters with±1-σ
uncertainty is also quoted.
5 Constraints on the State f inder and Om diagnostic
The Statefinder parameters, which are defined in terms of the cosmological expansion factor and its
derivatives, are used as a diagnostic of concordance cosmology (ΛCDM). In a recent work, Arab-
salmani and Sahni [45] have introduced the statefinder hierarchy which contains the higher order
time derivatives of the scale factor, i.e. d
na
dtn , n≥ 2. The Taylor expansion of the scale factor is given
as,
– 10 –
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Figure 5. The evolution of H(z), q(z) and j(z) for two different combinations of the data sets, namely
OHD+SNe (upper panels) and OHD+SNe+BAO (lower panels). The best fit curve and the median along
with the uncertainty extended up to 3-σ confidence regions are shown.
(1+ z)−1 =
a(t)
a0
= 1+
∞
∑
n=1
An(t0)
n!
Hn0 (t− t0)n, (5.1)
where An = a
(n)
aHn . The a
(n) is the nth order time derivative of the scale factor and t0 is the present
time. The way the coefficients An are defined, it is clear that A2 =−q, A3 = j and A4 = s. In ΛCDM
cosmology, all the An-s can be written in terms of the matter density parameter (Ωm0) which is the
present matter density (dark matter+baryonic matter) scaled by the present critical density of the
universe (3H20/8piG). The relations are given as,
−q := A2 = 1− 32Ω˜m, (5.2)
j := A3 = 1, (5.3)
s := A4 = 1− 3
2
2
Ω˜m. (5.4)
where Ω˜m = Ωm0(1+ z)3/E2(z). From equation (5.2), Ω˜m can be written in terms of q. Thus from
equation (5.4), we get,
s+3(1+q) = 1. (5.5)
Its is important to mention it again that equations (5.2) to (5.5) are valid only for ΛCDM cosmology.
Now we can define the statefinder parameters as
S(1)3 = A3, (5.6)
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S(1)4 = A4+3(1+q). (5.7)
In a similar way, higher order statefinders can be defined. In the present work, we are restricted only
upto S(1)4 as the observational constraint obtained up to the fourth order time derivative of the scale
factor in the present analysis. This set of statefinders parameters have the value of unity for ΛCDM.
Now, another set of statefinders can be defined from the first set (S(1)n ) as,
S(2)n =
S(1)n −1
α(q− 12)
, (5.8)
where α is an arbitrary constant. The second set of statefinders is called fractional statefinder [45].
In ΛCDM cosmology, the second statefinders S(2)n = 0 and thus a set of null diagnostic of dark energy
can be defined as,
{S1n,S(2)n }= {1,0}. (5.9)
Depending upon the value of n, it forms a hierarchy of the null diagnostics, stated as the statefinder
hierarchy. The statefinder parameters at redshift z = 0 are directly connected to the cosmographical
parameters (q0, j0,s0). Thus we can constrain the statefinder hierarchy at redshift z = 0. The present
value of the statefinder parameters, presented in the hierarchy, are connected to the cosmographical
parameters (q0, j0,s0) as,
S(1)3 = j0 , (5.10)
S(2)3 =
S(1)3 −1
3(q0−1/2) , (5.11)
S(1)4 = s0+3(1+q0) , (5.12)
S(2)4 =
S(1)4 −1
3(q0−1/2) . (5.13)
The cosmographical parameters are directly related to the Eis parameters (equation (4.5) to (4.7)).
Thus the present values of the sets of statefinder parameters are directly related to the Eis parame-
ters. We used the estimated values of the Eis parameters to constrain the statefinders hierarchy. The
results, presented in table 3, show that the corresponding ΛCDM values for the first set of statefinder
hierarchy {S(1)3 ,S(2)3 } are well within the 1-σ confidence region of the values estimated in the present
kinematic approach. But for the second set of statefinder hierarchy, {S(1)4 ,S(2)4 }, the corresponding
ΛCDM value is not within the 1-σ confidence region (table 3). Figure 6 shows the confidence con-
tours and the posterior probability distribution function of the statefinder parameters alond with the
scaled Hubble constant h, curvature contribution Ωk and acoustic sound horizon rs. As usual, the Ωk
and rs are found to be almost uncorrelated with the statefinder parameters. The Hubble constant also
has a week correlation with the statefinder parameters. The nature of correlations of S(1)4 and S
(2)
4 with
S(2)3 vary depending upon the value of S
(2)
3 . On the other hand, S
(1)
4 and S
(2)
4 are negatively correlated.
Another null diagnostic of dark energy is Om(z), introduced by Sahni et al. [41] and by Zunckel
and Clarkson [42]. It is defined as,
Om(z) =
h2(z)−1
(1+ z)3−1 (5.14)
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Figure 6. This figure shows the confidence contours on the 2D parameter spaces and the marginalised posterior
distributions of the present values of the statefinder parameters (S(2)3 ,S
(1)
4 ,S
(2)
4 ) along with the scaled Hubble
constant (h), curvature contribution Ωk and acoustic sound horizon rs, obtained in the combined analysis
with OHD+SNe+BAO data. The corresponding 1-σ and 2-σ contours are shown. The median value of the
parameters with ±1-σ uncertainty is also quoted.
For ΛCDM cosmology, the value of Om(z) remains constant which is equal to Ωm0, the present
value of the matter density scaled by the present critical density. Evolution in the value of Om(z)
diagnostic carries the signature of deviation from ΛCDM. As the Om only depends upon the expan-
sion rate, it is easier to be determined from the present observations. The Om-diagnostics can also be
defined as a two-point function [55],
Om(zi;z j) =
h2(zi)−h2(z j)
(1+ zi)3− (1+ z j)3 (5.15)
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Table 3. Constraints on the present values of the parameters of statefinder hierarchy obtained from the values
of the Eis parameters in the present analysis. The best fit values (outside parentheses) and the median with
±1-σ uncertainty (inside parentheses) are presented.
OHD+SNe OHD+SNe+BAO
{S(1)3 ,S(2)3 } {1.05 (1.11+0.52−0.51),−0.02 (−0.03+0.17−0.14)} {1.19 (1.11+0.51−0.50),−0.06 (−0.03+0.17−0.14)}
{S(1)4 ,S(2)4 } {1.32 (1.39+0.41−0.14),−0.10 (−0.12+0.04−0.11)} {1.40 (1.40+0.38−0.13),−0.12 (−0.13+0.04−0.10)}
Best-t
Median ± 1-σ
Λ CDM
w CDM
Median ± 2-σ
Om
(z)
0.15
0.2
0.25
0.3
0.35
0.4
z
0.2 0.4 0.6 0.8 1 1.2
Om(z)
0.275 0.28 0.285 0.29 0.295
z
0.25
0.5
0.75
1
1.25
1.5
z
0.2 0.4 0.6 0.8 1 1.2
Figure 7. Left panel of this figure shows the Om(z) plot (best fit and median with 1-σ and 2-σ confidence
regions) for the present estimated values of the coefficients of the Taylor expansion of the Hubble parameter.
The right panel presents the two point function Om(zi;z j); the variation in the value is shown by the variation
of colour.
Figure 7 presents the plot of Om(z) (left panel) corresponding to the estimated values of the Eis pa-
rameters in the combined analysis with OHD+SNe+BAO. The two-point function Om(zi;z j) is shown
in the right panel of figure 7 where the value of the function is represented by different colours. Both
the Om(z) and Om(zi;z j) plots show a possibility of a slight variation of these quantities. The corre-
sponding ΛCDM and wCDM values of Om(z), obtained from Planck [62] estimation, are consistent
with the reconstructed Om(z) and Om(zi;z j) at 1-σ confidence level.
6 Conclusion
A kinematic approach to the reconstruction of a late-time cosmic acceleration model is independent
of any prior assumption about the gravity theory or the distribution in the matter sector of the uni-
verse. The present work, where the statefinder parameters are constrained from the Taylor series
expansion of the Hubble parameter, is independent of any assumption about the nature and evolution
of dark energy and dark matter. The values of the cosmographical parameters and the set of dark
energy diagnostics, obtained in the present analysis, can be compared with the values corresponding
to different dark energy models. Thus the present analysis is useful for selecting a viable dark energy
scenario. The statefinder parameters can be represented as a set of null diagnostics of ΛCDM model,
as discussed by Arabsalmani and Sahni [45]. The values of the parameters, presented in the hierarchy
– 14 –
of statefinder diagnostic, are also constrained through the present kinematic approach. The values of
the first set of parameters in the statefinder hierarchy allow the corresponding ΛCDM value within
1-σ confidence region. But the second set of parameters in the hierarchy ({S(1)4 ,S(2)4 }) shows a dis-
agreement with the corresponding ΛCDM values at the 2-σ level. However, at this point, this is not
sufficient to conclude this as a serious tension of concordance cosmology. The Om(z) and Om(zi,z j)
diagnostics are showing good agreement to the concordance cosmology. The allowed values of the
parameters in the statefinder hierarchy can be used as a probe towards the viability of different dark
energy models. At this point, it is important to mention that the present analysis has its own limitation
as it has been carried out only with OHD, SNe and BAO data. A detailed analysis incorporating the
CMB likelihood might have its signature on the result. However, the CMB likelihood cannot be eas-
ily used in the analysis as the evolution of different components in the energy budget are not known
in case of a model-independent reconstruction.
Though the present analysis is a parametric approach, this can alleviate the difficulty of a purely
model-independent non-parametric approach to some extent. Better constraints on the higher-order
kinematical quantities and the hierarchy of the set of statefinder diagnostics are obtained in the present
approach which is hardly possible with a purely model-independent statistical method with the cur-
rently available observational data sets.
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